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In this paper a sufficient condition is given for the existence of the global 
solution as is a suffkient condition for the non-existence of the global solution of 
the second-order stochastic differential equation with the random disturbance of the 
so-called white noise. 0 1984 Academic Press. Inc. 
1. INTRODUCTION 
Let us consider the second-order stochastic differential equation which is 
written formally as an ordinary differential equation 
9 + go, Y, 3) d + 4t)f(.Y) = 4 Y, .w (1) 
with the white noise ti, where by ’ we mean the symbolic derivative d/dt. We 
are interested in whether Eq. (1) has a global solution or not. For this 
purpose we treat the two-dimensional non-linear Ito equation and investigate 
the explosion criteria for the solution of the stochastic differential equation. 
In the following we introduce the precise formulation of the problem. 
Let (a, F, P) be a probability space with an increasing family {F,; t > 0) 
of sub-a-algebras of F and let w(t) be a one-dimensional Brownian motion 
process adapted to F,. Then we consider the system of the stochastic 
differential equations; 
dX,(t) =X,(t) dt, 
+ 46 x,(t), 4(f)) Wt). 
Throughout this paper we assume the following conditions; 
a: [0, co) -+ (-co, co) is continuously differentiable, 
f: (-co, co) --+ (-co, co) is continuously differentiable, 
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The system (2) is one of the formulations such that X,(t) may correspond to 
the response of the oscillator (1) with the restoring forcefand the damping g 
to the formal white noise ti. In general, the solution X(t) = (Xi(t), X*(t)) of 
(2) with the initial condition X(t,,) = x0 E R * (to > 0) is defined up to the 
random time e(t,, x0), where e(t,, x,,) = lim, tm e,(t,, x0) and e,(t,, x0) = n A 
inf{t; IX(t)] > n} (here and hereafter R* = (-co, co) x (-co, co) and a A b 
stands for the smaller of a and b). This random time e(t,, x,,) is called the 
explosion time of the solution X(t) of (2) with the initial condition 
X(t,) = x0. The following remark enables us to understand the meaning of 
the explosion time (see [4, Sect. 2, Chap. IV; 5, Sect. 4.3; and 6, Sect. 31). 
Remark. lim,te(to,Xo, IX(t)] = co for e(t,, x,,) < 00, almost surely. Hence, 
if e(t,, x0) < co, then the explosion occurs. 
In particular, the process X,(t) of (2) is called the second-order Ito 
process. When h(t, xi, x1) # 0 for each t, x, and x2, we know by Goldstein 
[3, Corollary 4.41 that X,(t) is of unbounded variation in every finite interval 
with probability one, up to the explosion time. 
Therefore the existence problem of the global solution of (1) can be 
restated in terms of the explosion problem of the solution of (2). Namely, in 
Section 2 we show a sufficient condition for the non-occurrence of the 
explosion (Theorem l), and in Section 3 we show a sufficient condition for 
the occurrence of the explosion (Theorem 2). 
Throughout this paper, we shall use the differential generator 
L= at 5+x 2~-ig(l,xl,x2)x2+atf)f(x,)l~ 2 
+fh’(l,x,,x,)-$ 
2 
associated with the system (2). Also, we shall use the function 
V(t, x) = a(t) F(x,) + x:/2 (4) 
where t > 0, x = (x1, x2) E R* and F(x,) = jtlf(s) ds. Then it is easy to see 
that 
LJV, x> = a’(0 f’tx,) - g(t, xl, x2) xi + h2(t, x1, x )/2 (5) 
for t>O and x=(xI,x2)ER2. Moreover, let U(t, x) be a scalar function 
which is twice continuously differentiable with respect to x E R2 and once 
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with respect to t > 0, and let K(u) be a twice continuously differentiable 
function on u E (-co, co). Then we notice that 
ww, x)) = (Jwt, x)) K’(U(4 x)) 
++z(r.x,,x2) (a;;zx)j’K”(U(t,x)) (6) 
for t > 0 and x = (xi, x2) E R *. We shall use (5) and (6) in the proof of our 
theorems. 
2. NON-EXPLOSION CRITERION 
In this section we give a sufficient condition for the infinite explosion time 
with .probability one. At the beginning of the discussion we consider the 
deterministic ase. For many special equations such as the Lienard equation 
j; + go7 3) 3 + f(Y) = PW 
it is known by Bushaw [ 1, p. 361 that all solutions are continuable to t = co 
whenever g, f and p are continuous, g > 0 and yf (y) > 0 for y # 0. 
For the stochastic case of (l), consider the system (2) and let e(t,, x0) be 
the explosion time of the solution X(t) of (2) with the initial condition 
X(&J = x,, E R’. Then we obtain the next theorem. 
THEOREM 1. Suppose that the following conditions hold: 
(i) a(t) > 0 for all t > 0, 
(ii) xi f(x,) > 0 for all x1 # 0, 
r > o@) g(t, x1, x2) > 0 for all t > 0 and (xi + x:)“~ > r with a constant 
3 
(iv) c<h2(t,x1,x2)<k(t)(l +F(x,)+xG) for all t>O and 
(x1, x2) E R2 with a constant c > 0 and a continuous function k(t), where 
F(x,) = j;I f(s) ds. 
Then,P(e(t,,x,)=cO)=lforaZlt,>Oandx,ER2. 
ProoJ Let X(t) = (X,(t),X,(t)) be the solution of (2) with the initial 
condition X(&J = x0 E R* and assume that P(e(&, x0) < 00) > 0 for some 
(t,, x,), to the contrary. For notational simplicity we put e = e(t,, x,). In the 
following we take a sample such that e < co. Then we notice by the Remark 
in Section 1 that jX(e-)] = co for such a sample and hence put p = 
sup{t; IX(t)1 = r). 
EXPLOSION TIME 421 
Let L and V(t, x) be the differential generator and the function defined by 
(3) and (4), respectively. Then it follows from the conditions that 
LV(t, x) < u’(t) F(q) + ; k(t)(l + F(x,) + xi) 
,ia’oi v(t,X)+*k(t) 1+--& 
44 i 
v-(4 x) + 2w(t, x) 
i 
= A(t) V(t, x) + k(t)/2 
for all t > 0 and 1x1 = (x: + xg)“* > r, where 
A(t) = la’(t)1 + L k(t) 
- 
44 
2 a(t> + k(t)- 
Now, set 
U(t,x)=exp )I:A(s)ds[ V(t,x). 
Then the above inequality implies that 
LU(t,X)<+k(t)exp I-j(a(s)ds/ 
0 
for all t > 0 and (xl = (xi + x~)“* > r. So, we obtain by Ito’s formula 
concerning stochastic differentials that 
U(t, X(t)) < U(P, X(P)> + r,’ k(s) exp 1 -j:a(u) du/ ds 
P 
+ Wt) - M(P) 
for all p < t < e, where 
By the time substitution rule (see McKean [5, Sect. 2.5]), we know that 
WI = z(W)), h w ere z is a new Brownian motion process run with the clock 
$0) = i:, ew /-2j;Wd~/ X',(s>h2(s,X,(s),X,(s))ds, 
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and hence 
for all p < t < e. Namely, we get 
+fjIk(s)exp I-jIA(u)du/ ds 
+ zw> - 4@>> I (7) 
for all p < t < e. Since dX,(t) =X2(t) df and since xz < c-‘x~h2(t, x,, x2) by 






xj:exp /-2,(~h)d~/ X:(s)h2(s,X1(s),X2(s))ds 
and hence 
(X,(t)-XX,(~))‘~c-‘(t-~)exp 2jf 4(u)d~[ W-~(P)) I (8) 0 
for all p < t < e. On the other hand, we have by the definition of V(t, x) that 
for all p < t < e. We discuss this according to each of two cases: 
4(e) = co. 
EXPLOSION TIME 423 
First, let d(e) < co. Then it follows from (7), (8) and (9) that both X:(t) and 
X:(t) stay bounded as t tends to e, which is a contradiction since 
IX(e-)I = 00. 
Next, let 4(e) = 00. Then we obtain by (7) that 
0 < lir$nf V(t, X(t)) 
+ i (’ k(s) ds exp 
P 
I- j;A(u)du[ ds 
+ li$WfKt)) - MP))] 
=-co, 
which is also absurd. Thus we get that P(e(&, x0) = co) = 1 for all to > 0 
and x0 E R’, and hence the proof is completed. 
Theorem 1 is a generalization of McKean’s result [5, Problem 5, 
Sect. 4.51, where the system of the stochastic differential equations 
dX,(t) =X,(t) dt, 
d&(t) = -f(X,(t)> dt + dw(t) 
is treated under the assumption that xlf(xl) > 0 for x, # 0. 
3. EXPLOSION CRITERION 
In this section we give a sufficient condition for the finite explosion time 
by using the restriction on the growth of the coefficient f( y) of (2). At the 
beginning of the discussion we consider the deterministic non-linear second- 
order differential equation 
9 + 4wlY> = 0 (10) 
where a is continuous, f is continuous and yf ( y) > 0 for y # 0, and suppose 
that a(t) < 0 on an interval to Q t < t, with a(t,) & 0. Then it follows from 
the theorem of Burton and Grimmer [2] that (10) has a solution y(t) defined 
for t = to satisfying limtTT ] y(t)J = co for some TE (to, t,] if and only if 
either 
I 
O” (1 +F(u))-“‘du < 00 
0 
(11) 
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1^ --OO (1+F(u))p2 du > -ccl 0 (12) 
holds, where F(u) = I,U f(s) ds. 
For the stochastic case of (l), consider the system (2), and let e(t,, x0) be 
the explosion time of the solution X(t) of (2) with the initial condition 
X(t,) = x0 E R’. Then we show that the convergence of the integrals of (11) 
and (12) plays a role on the occurrence of the explosion. 
THEOREM 2. Suppose that the following conditions hold: 
(i) a(t) < -m and a’(t) > 0 for all t > 0 with a constant m > 0, 
(ii) xrf(xJ > 0 for all x1 # 0, 
(iii) g(t, x,, x2) < -e,h*(t, x,, x2) for aEZ t > 0 and (xl, x2) E R * with 
a constant e. > 0, 
(iv> h% x,, x2> 2 k(t) f or all t > 0 and (x,, x2) E R* with a non- 
negative and continuous function k(t) satisfying 
I 
cc 
k(t) dt = co. 
0 
Further, suppose that both (11) and (12) hold. 
Then, P(e(to, x0) < a~) > 0 for all to > 0 and x0 E R*. 
Proof Under the assumption on the coefficients, suppose that both (11) 
and (12) hold and let e(t,, x0) be the explosion time of the solution X(t) = 
(xl(t)9 X*(f)) of (2) with the initial condition X(t,) = x0 E R*. To the 
contrary, in the following we assume that P(e(to, x0) = a~) = 1 for some 
(to, x0). Now choose positive numbers p and q so that 
0 < p < 2&O and o<q<+ 
and then put K(u) = exp(pu) for u E (--co, 00) and 
U(t, x) = -V(t, x) + q j’ k(s) ds 
to 
for t > to and x E R2 with the function V(t, x) defined by (4). Then it follows 
from (5) and (6) that 
WW, x)) = [-L W x) + qk(t) + ph2(t, x1, x,)x:/2] pWJ(t, x)) 
= [-a’(t) F(x,) + {g(t, x1, x2) + ph2(t, xl, x2)/2)x: 
- {h2(t, x 3 x2)/2 - &(t) i1 NW(t> x>) 
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for t > t, and x = (xi, x2) E R *. Notice the conditions of the coefficients and 
the choice of the numbers p and q. Then we see that 
-a’(t) F(x,) + {s(t, Xl 3 x*> + Ph*(t, x1 > x2)/2)4 
- {h2(t, Xl, x*)/2 - qk(t)} 
< -h - P/21 h2(t, Xl 7 x2) 4 - 1 l/2 - 41 k(t) 
GO 
and hence 
-wqt, x)) < 0 (13) 
for all t > t, and x = (xi, x2) E R*. Since X(t) is defined for all t > t, almost 
surely by the assumption, we notice that limnTa, e, = co almost surely, where 
e, = n A inf{t; IX(t)1 2 n). Then, Ito’s formula concerning stochastic 
differentials and (13) imply that for arbitrarily fixed n 
VW(t A 6, W A en)>>; t > toI 
is a positive super-martingale. Therefore, the super-martingale inequality 
yields that for any number N > 0 
Let y1 tend to infinity in the above equation and then notice that e, T 03 
almost surely as n T co. Then we obtain that 
J’( ;;y W% x(t)>> > N) < N- lWJ(t, 3 xc,)>, 
0 
from which follows 
P( sup K(U(I, x(t))) < co) = 1. 
1o<t 
Since K(u) = exp(pu) with p > 0, it must be that 
P( sup qt, x(t)) < co) = 1. 
1o<t 
Accordingly, we get that 
U(t, X(t)) = -a(t) F(X,(t)) - X;(t)/2 + q 1’ k(s) ds 
10 
<a 
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for all t > t,, where a = SUP~,(~ U(t, X(t)). Since &(x1) < -a(t) F(xJ by (i) 
and (ii), the above inequality implies that 
X:(t)/2 - mF(X,(t)) > q jf k(s) ds - a 
to 
for all t > to. Moreover, since s; k(t) dt = co by the condition (iv), for any 
number /I > 0 we can find a time t’ > t, such that q l:, k(s) ds - a > /3 for all 
t > t’. In the following we fix such /I and t’ and consider the time interval 
t’ < t < co. Then it is easy to see that 
for all t > t’, from which follows 
(6 + F(X,(t)))-“2 X*(t) > (2m)“’ 
or 
(6 + F(X,(t)))-“2 X*(t) < -(2m)“’ 
for all t > t’, where 6 = P/m (>O). Integrate both sides of the above 
inequalities from t’ to t (>t’), and then consider that dX,(t) = X,(t) dt and 









(6 + F(u))-“* du < -(2m)“‘(t - t’) 
x,(t’) 
for all t > t’, and hence 
I m (6 + F(u))-‘/* du > (2m)“‘(t - t’) X,(f’) 
or 
I 
--co (6 + F(u))-“’ du < -(2m)““(t - t’) 
xr(t’) 
for all t > t’. Notice that 
(14) 
(15) 
(6+F(u))-“*<6-“*(1 +P(u))-“* for 0 < 6 < 1 
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and that 
(6 + F(u))-“’ < (1 + F(u))-“’ for 6>1. 
Then, combining these facts with (14) and (15) and then letting t tend to 
infinity in (14) and (15), we obtain that 
or 
I m (1 + F(u))-“* du = a3 X,(t’) 
I -m (1 + F(u))-“’ du = -co X,(l’) 
respectively, which is a contradiction. Hence the proof is completed. 
ACKNOWLEDGMENT 
The author would like to thank Professor M. Motoo for valuable suggestions on the 
explosion problem. 
REFERENCES 
1. D. W. BUSHAW, “The Differential Equation x” + g(x, x’) + h(x) = e(t),” Terminal Report 
on Contract AF 29 (600)1003, Holloman Air Force Base, New Mexico, 19.58. 
2. T. BURTON AND R. GRIMMER, On continuability of solutions of second order differential 
equations, Proc. Amer. Math. Sot. 29 (1911), 211-283. 
3. J. A. GOLDSTEIN, Second order Ito processes, Nagoya Muth. J. 36 (1969), 27-63. 
4. N. IKEDA AND S. WATANABE, “Stochastic Differential Equations and Diffusion Processes,” 
Kodansha, Tokyo, 198 1. 
5. H. P. MCKEAN, JR., “Stochastic Integrals,” Academic Press, New York, 1969. 
6. K. NARITA, No explosion criteria for stochastic differential equations, J. Math. Sot. Japan 
34 (1982), 191-203. 
